The strength t 0 of the next-nearest-neighbor (NNN) hopping in most realized square optical lattices is much smaller than that of the nearest-neighbor hopping, and is usually seen as zero. Recently, both experimental and theoretical works have shown that the magnitude of the NNN hopping can be tuned in a wide range by shaking the optical lattice. In this paper, we study the effect of the real NNN term on topological phase transitions of the cold fermi gases in a two-dimensional square anisotropic optical lattice. We investigate the gapless condition of the system and the topological phase symbolized by the TKNN number. For the real NNN hopping, there exists a critical point t 0 c as a function of l, when
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Introduction
Topological phases and topological phase transitions are some of the most active areas in the superfluid and superconductors [1] [2] [3] [4] [5] [6] . These topological states [7, 8] , have a full pairing gap in the bulk and topologically protected gapless states on the boundary, are usually characterized by using some global topological quantum numbers such as the Thouless-Kohmoto-Nightingale-Nijs (TKNN) number [9] . The topological order supports the existence of chiral Majorana edge mode, and vortices with Majorana fermion modes are neither fermions nor bosons but non-Abelian anyons, which obey the non-Abelian statistics [10, 11] . Majorana fermion could be exploited as a decoherence qubit and has attracted much attention for its remarkable application in fault-tolerant topological quantum computation. The non-Abelian phase has been believed to be realized in the fractional quantum Hall effect state with m ¼ 5=2 and 12=5 [12, 13] . Recently, it is reported that spin-triplet superconductors such as chiral p þ ip superconductors and noncentrosymmetric pÀwave superconductors with broken time-reversal symmetry, possess a zero-energy Majorana mode, and hence can realize a non-Abelian topological phase [14, 15] . Masatoshi Sato et al have pointed that the sÀwave superconductor with the Rashba spin-orbit coupling (SOC) interaction could show a transition to the non-Abelian topological phase [10] , where SOC is artificially generated by using lasers carrying orbital angular momentum and a large Zeeman magnetic field is essentially needed. Two-dimensional (2D) ultra-cold Fermi gases have been found in many solid state systems and can be utilized to simulate many other systems due to their more controllable advantages and operabilities [16] [17] [18] . The most simplest way to realize the SOC in the ultra-cold Fermi gases is based on the pÀwave superfluid of degenerate Fermi gases by means of pÀwave Feshbach resonance [19] . This method is a more direct way to realize the simulation but the very short lifetime of pÀwave pairs and molecules are the top challenge. In 2008, Zhang et al, suggested that an artificially generated SOC could create an effective p x þ ip y topological superfluid from an sÀwave interaction [20] . Recently, the experimental realization of SOC for ultra-cold atoms is reported [21] , this opens a completely new avenue for exploring many-body physics in the presence of SOC in a controllable way.
As we know, the complex intrinsic SOC term iV so P (i;j) a y ir Á ðd kj Âd ik Þa j between the next-nearest sites i and j contacted with the common nearest neighbor site k is the necessary condition of the quantum spin Hall effect in the honeycomb lattice model [22, 23] . But when it comes to the square lattice, the intrinsic SOC will be zero for there exist two common nearest neighbor sites which offer two different paths and each path provides converse contribution on the intrinsic SOC. Recently, several experiments and theoretical exploring on the ultracold Fermi gases in the optical lattices have shown that by shaking the lattice, the strength of the real NNN hopping can be varied in a wide range compared to the strength of the nearest-neighbor hopping [24] [25] [26] . Then, the main aim of this paper is focus on how the real NNN hopping affects the quantum topological phase transition in the twodimension system, by using an anisotropic square optical lattice to trap the cold Fermi gases. The anisotropy is determined by the intensity of the corresponding pair of laser beams in different directions. And spin-dependence is available in the light of the fact that the strength of the optical potential crucially depends on the atomic dipole moment between the internal states involved [27, 28] , and then the spin-dependent anisotropic optical lattice in our model can be accessible in one experiment. This paper is organized as follows. In the next section, we give our model and the gapless condition, then the topological phase and TKNN number I TKNN is obtained. In Sec.III, we investigate the properties of edge states to prove the bulk-boundary correspondence and Majorana zero modes are discussed. The final section is a summary.
Phase Diagram and TKNN number
We begin with the sÀwave superfluid of cold Fermi gases with Rashba SOC model defined on an anisotropic two-dimension square optical lattice which can be realized by adjusting the intensities of the lasers [20, 21, 29] . Considering both the nearest and the real next-nearest neighbor hopping, the Hamiltonian in real space has the form where r is the Pauli matrix and the vectord ij points from j to i, angular bracket in < i; j > stands for the nearest-neighboring sites.
The fifth term is the chemical potential l and the Zeeman field T along the zÀdirection with þ for spin up and À for spin down. The last term is for the interaction between the electron and the hole with D being the order parameter. For convenience, we set h and the distance between the nearest neighbor to be unity. To explore the gapless condition of this system, we will work in the momentum space. After performing a Fourier transformation of Hamiltonian (1), the Hamiltonian in momentum space will be
where H 0 is the kinetic energy term
with c y k;s (c k;s ) the creation(annihilation)operator with the momentum k. k;r is the kinetic energy,
H I is the interaction part as H I ¼ À P k Dðc Àk;# c k;" þ h:c:Þ. H soc stands for the Rashba SOC term 
with M k a matrix which preserves the particle-hole symmetry [10, 11] .
Diagonalizing the matrix M k , we can get the energy spectrum
where k ¼ AE1 corresponds to the particle and hole branches,
It is straightforward to find that the gapless condition is E 
ð6Þ Fig. 1 shows the topological phase diagram of this model under some suitable parameters, the number in each region is the TKNN number I TKNN , which plays a central role in topological nature of the system [9] .
To get the TKNN number, we begin with the Hamiltonian (2) HðkÞj/ n ðkÞ >¼ E n ðkÞj/ n ðkÞ > :
with j/ n ðkÞ > the normalized wave function of the n À th band. In terms of the gauge field
Berry connection can be written as F 12 ðkÞ ¼ ij @ i A j ðkÞ. Then, the TKNN number is given by
In the above expressions, the derivative @ i means
with i ¼ x; y and the integral is around the first Brillouin zone in the momentum space. It is noticed that the sum in (7) is restricted to the occupied bands. Generally, nonzero TKNN number allows both non-Abelian topological order which is characterized by the non-Abelian statistics, and Abelian topological order without non-Abelian statistics.
The index ðÀ1Þ
I TKNN is of particular interest since it gives hallmark of the non-Abelian topological phase: when ðÀ1Þ
is an odd number of Majorana zero modes in a vortex, which implies the vortex is non-Abelain anyon [10, 11] . From the bulkedge correspondence, a topologically nontrivial bulk guarantees the existence of topologically stable gapless edge states on the interfaces. For this 2D ultracold Fermi gases breaking the time-reversal symmetry but having the particle-hole symmetry, the gapless edge states are chiral Majorana fermion modes, whose number is defined by the I TKNN . If TKNN number is odd, there are odd Majorana fermions in the vortices which are neither bosons nor fermions but non-Abelian anyons and obey the non-Abelian statistics, then the system will be in the non-Abelian topological superfluid phase; if the TKNN number is even, the system is Abelian topological superfluid phase and there are even Majorana fermions in the vortices and no non-Abelian anyons [10, 11, 29] . Additional, besides the TKNN number, Pfaffian invariant can still characterize the topological phases [30] [31] [32] , which are obtained from the symmetry analysis of the Hamiltonian. For our particle-hole symmetric Hamiltonian (4), we can calculate the Pfaffian invariant as You has done [30] . Further, the TKNN number is not well defined in the gapless condition, while we can still calculate the Pfaffian invariant in these regions and the Pfaffian invariant is more easier to be calculated than the TKNN number.
For an isotropic lattice, there are three energy spectrum as M.Sato has done [10, 11] . In our model the anisotropic lattices provide an effective Zeeman field constructed by AE2ðt a À t b Þ in Eq. (6), which split one energy spectrum into two branches. In this paper, for brevity we set t a ¼ 1 and t b ¼ 0:4 and we adjust the strength of NNN hopping t 0 within range ½0; 1. Then for t 0 ¼ 0:8 there are 11 regions which will be topologically distinct in Fig. 1(c) .
In Fig. 1(d) , we show the behavior of d as a function of the NNN hopping t 0 for l ¼ À3:5, and there exists a critical point t 0 c . When t 0 > t 0 c , the zone described by d is in the topological Abelian phase. As we reduce the strength of the NNN hopping, the space of the Abelian phase will be compressed, when t 0 < t 0 c , the system becomes trivial topological phase as we have plotted in Fig. 1(c) . Now we pay our attention to compare Fig. 1(e) with Fig. 1(a-c) . In Fig. 1(e) , we set t 0 ¼ 0, and then the phase diagram is symmetrical and has only one Abelian topological phase. While t 0 -0, the symmetry will be destroyed, and the Abelian phase will disappear until t 0 > t 0 c , in which situation two Abelian phases appear. In the above discussion, the Zeeman field is supposed to be positive; for negative Zeeman field, the phase diagram is symmetrical with the positive one in respect of the line T ¼ 0. To illustrate the symmetry, we show the phase diagram for the negative Zeeman field in Fig. 1(f) , in which the other parameters are the same as Fig. 1(b) . Fig. 2 displays the phase diagram about the Zeeman field and the strength of the real NNN term, from which we can see clearly how the real NNN hopping controls the quantum phase transition. Fig. 2(a) is for the case l ¼ À3 and T ¼ 5:5, with the increase in the real NNN hopping strength t 0 , the system will go through nonAbelian, trivial, non-Abelian, Abelian and non-Abelian topological phases successively. Contrasting Fig. 2(a) with Fig. 2(b) , we can see that when the external magnetic field and the real NNN hopping strength are set to some constants, for different chemical potentials l, the system will show different topological quantum phases.
Edge states and Majorana fermion
The system we consider is periodic at the yÀdirection and has two open boundaries at the xÀdirection. It is easy to verify that the analogous results will be get if the system is periodic at the xÀdirection while two open boundary at the yÀdirection. We numerically diagonalize the Hamiltonian (1) in the real space, then the excitation spectrum E n ðk y Þ with subscript n labeling different energy levels can be obtained. Two open boundaries of the system we considered are set at i x ¼ 0 and i x ¼ 100. In accordance with the phase transitions we have discussed early for fixed chemical potential l ¼ À3:5 in Fig. 1(a) , with the increase in the Zeeman field, the system will go through different phases. Fig. 3(a-e) gives the five edge states correspondingly. From these figures, we can find that the value of I TKNN is equal to the number of the edge states, i.e., the number of the Majorana zero modes. Fig. 3(f) is the edge state for the critical point t 0 ¼ 0:502 and T ¼ 4:36 according to Fig. 1(d) . The upper and lower energy spectrum will be very close but do not touch each other, i.e., the gap will almost be zero, this indicates that the system will be in the Abelian topological phase at this critical point with I TKNN ¼ 0. When t 0 < t 0 c , the edge state will be same as Fig. 3(e) ,there are no Majorana Fermions and the system will be in the topological trivial phase; while,t 0 > t 0 c , the edge state will turn to Fig. 3(c) , there will be two pairs of edge states,i.e., two Majorana Fermions, indicating that the system is in the topological Abelian phase. Fig. 1(d) ).
protected. The edge state with a linear dispersion only occurs at the value of k y ¼ 0 or p, then a new topological number named winding number Iðk y Þ can be defined only at k y ¼ 0 and p. [10, 11] When Iðk y Þ is non-zero for k y ¼ 0 or p, the energy of the gapless edge mode becomes zero at this value of k y .
Summary
To conclude, for a sÀwave superfluid of cold Fermi gases in an anisotropic two-dimension square optical lattice, considering both the real NNN hopping and the Rashba SOC, we investigate the gapless condition of the system and the phase diagram. By using TKNN number I TKNN as a index of the quantum phase, we study the topological nature of the 2D system. For the real NNN hopping, there exists a critical point t 0 c , when 0 < t 0 < t 0 c , the system has no Abelian topological phase and only the non-Abelian and trivial quantum topological phases. When t 0 > t 0 c , the Abelian topological phase appears and the height of this phase will increase with increasing t 0 . In addition, for a system which is periodic at yÀdirection and with two open boundaries at xÀdirection, we numerically calculate the excitation spectrum of the system and the Majorana zero modes are discussed, the number of edge states is equal to the value of the TKNN number and the index ðÀ1Þ I TKNN can defined as a criterion of the topological phase.
